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Abstract. A correlation between collections of the experimental values of the crystal-feld
parameters {P}, b}, A} characterizing the nuclear quadrupole interaction, the ground-state
and excited-state sphtting for *?Gd™ in various ionic crystals with the same type of anions
has been established. The correlation consists of a tendency towards a decrease in PY and an
increase in AY through a series of these collections provided that they are arranged according
to descending values of Y. The great variety of the centres involved and the considerable
magnitudes of the intervals within which the parameters of the collections obeying the
correlation fall suggest that this correlation is a highly general characteristic of the collections
{PY. 6%, A%} and its explanation may be regarded as an important criterion of validity for
mlcrothcory crystal-field models. We have developed a model to interpret the correlation
mentioned and some cases of deviation from it. The phenomenological values of the Sternhei-
mer antiscreening coefficient y. have been determined in different ways. These values agree
with each other and with the value of y. for Pr* calculated by Ahmad and Newman taking
the interelectron correlation into account in addition to the interactions considered by
Sternheimer originally.

1. Introductio_n

The phenomenological Hamiltonians describing the Stark structure of energy levels for
rare-earth ionsin non-cubic centres inionic crystals include the second-rank crystal-field
terms

H, =42 zZrory (1)

where Z7 are the crystal-field parameters and OF are the Stevens operators. We shall
be interested only in '*’Gd** centres where there is one independent parameter of the
second rank in accordance with the site symmetry, this parameter being Z% when the
principal axes are used. For each centre of this kind, three types of ZJ (P}, 5% and AY)
may be experimentally obtained, and they are concerned respectively with the nuclear
quadrupole interaction, the ground-state splitting and the effective single-particle crys-
tal-field potential. In the latter case the relation Z4 = 3aAY is generally used, where o
is a coefficient defined by the quantum numbers of the excited states of the 'Gd3*
ground-state configuration upon which the operator (1) acts, but we accept formally that
3a =1 to preserve the designation ZJ for all types of second-rank parameter.
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Until now no regularity covering a large number of the various types of Z3 in various
crystals has been found. Therefore, it is difficult to ascertain for which centres the Stark
splittings are generated by the same fundamental mechanisms, and to what extent a
specific theoretical model of the crystal fields furnishes an interpretation of experimental
data.

In the present paper a large number of collections {Z3} = {PY, b%, A3} for '¥'Gd* in
different centres is considered and a correlation among these collections is established.
We also propose a model to explain this correlation.

2. Collections {Z9} for oxide crystais

2.1, Description of the experimental data

Here we shall consider the available experimental data on the parameters P}, b3 and
Aj in the principal axes for ?Gd** centres in crystais which have only the O™ type of
anions (tables 1 and 2). For comparison, two known collections {Z3} for centres of rare-
earth ions in crystals which have anions of other types are also given (table 2). As there
is alack of relevant published data, some of the collections {Z$}in tables 1 and 2 include
values of b9 for impurity crystals, where a smail number of the lattice Y3 ions are
replaced by the '?Gd* ions, together with values of P for *Gd** in isomorphic
crystals, where the '*Gd>* ions are lattice ions instead of the Y** ions, these P} being
multiplied by the ratio Q(*’Gd)/Q('**Gd) of quadrupole moments of the isotopes [36].
The values of A9 are taken for trivalent rare-earth ions RE?*. If the value of A9 for Gd**
is not known, we use the value for Eu* or Tb**. The collections {Z3} where the only
unknown entity is the parameter AY (for Gd**, Ev®* or Tb**) are complemented by
values of AD for another RE?* and for similar centres in isomorphic erystals, if such values
are available. When only the absolute value of the parameter Z4 is known, two different
signs are indicated before this Z$. A number of values of PY and b3 have been determined
experimentally at2 K inthis work. They are presented in the tables with the experimental
errors in parentheses,

2.2. Correlation between collections {Z}

Collections {Z3} with known signs of § are arranged in table 1 according to descending
values of 2. Under this arrangement the series of parameters A% from these collections
shows a tendency to increase, i.e. if we consider any pair of the neighbouring collections
of this kind (I and I1) and if 63(1) > 53(11) then either A3(I) < AY(II) for the greater
part of the pairs or

iASM] - [A30D]] < 0.1 (|AYD + 43D @

for the other pairs. The corresponding series of values of P} with known signs shows a
similar tendency to decrease. Later we shall be referring to these tendencies in relations
between the collections {Z3} as the correlation, and the magnitude of the left-hand side
of the inequality (2) we shall call the deviation from monotonicity. The two remaining
collections with unknown signs of &3 {but with known signs of 43 or PY) are placed in
table 1 corresponding to the supposition that they must not violate the correlation. There
is only one way to assign signs where they are unknown in these two collections to satisfy
the supposition given. On applying a similar supposition to the first collection in table
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1, a definite sign of PJ in this collection may also be assigned. All these assigned signs
are the upper signs in table 1 and we shall be considering them as true. It should be noted
that the absolute value of P} for YPQ,: '¥'Gd** satisfies the correlation irrespective of
the sign chosen. Thus all the collections of table 1 obey the correlation if the assigned
signs are taken into account.

Examples of the collections {Z3} both for oxide crystals and for other crystals which
could not be placed in table 1 without substantial violation of the correlation are
presented in table 2. Collections of this type for crystals with F~ anions (CaF, and SrF,)
are alsoshownin table 3. The collections for oxide crystals fromtable 2 are conventionally
separated from the collections of table 1, which violate the monotonicity of ZY series,
for two reasons. Firstly, the numerical factor 0.1 in the inequality (2) corresponds to the
usuai relative error in values of AY. We believe that some deviations from monotonicity
in table 1 may be influenced by these errors. Secondly, it is noteworthy that, for the
oxide crystals in table 2, oxygen is included in the melecular groups not occurring in the
crystals from table 1. Therefore, it is possible that the causes responsible for the violation
of the correlation by the collections from table 2 differ from the causes responsible for
the violation of the monotonicity of ZY series in table 1.

2.3. A number of considerations about the correlation

Now we would like to discuss some of our considerations in connection with the corre-
lation. First, the existence of the correlation suggests that each type of parameter Z%is
influenced by the same fundamental mechanisms for all the centres which give the
collections {Z9} obeying the correlation. Secondly, the large variety of crystals presented
in table 1 show that the correlation does not depend on the types of cation entering these
crystals while the last two collections in table 2 and the collections for CaF, and SrF, in
table 3 show that the properties of anions may substantially influence whether there is a
correlation. On the other hand, it is natural to suppose that the electron density dis-
tribution in ionic crystals is influenced by cations and anions to the same extent. These
considerations may be included in the common concept of the crystal fields, if we assume
that a crystal with a '’Gd®* ion may be conventionally divided into two parts which play
different roles in producing the crystal fields. One part is confined to a sphere with
37Gd>* as the centre. The radius of the sphere is of the same order of magnitude as the
distance between ¥7Gd** and the nearest cation. The anions located within this sphere
(the ligands) define the values of Z$ toa great degree and the existence of the correlation.
The rest of the crystal gives contnbutlons to Z9 which are either negligible or not
violating the correlation.

3. Model

3.1. Approaches to interpretation of the correlation

The data in table I may be presented graphically in Z5°-Z5 coordinates (where Z4° and
Z3® are parameters of different types). However, without any additional approxi-
mations, neither the tabulated nor the graphical presentation of the data allows one to
interpret the correlation confidently. Therefore, in considering the correlation we shall
use as a starting point the model of the crystal fields A30% and 530 which was developed
in {43-45] and based on two fundamental approximations.
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The superposition approximation of Newman gives

= § Zy(ROKY(Pa, ¢a) 3)

where R,, #, and ¢, are the spherical coordinates of the dth ligand in relation to the
nucleus of Gd** and K9(3,, @4) = (3 cos? &, — 1)/2]46].

In accordance with another approximation concerned with the exchange model of
crystal-field screening for rare-earth ions {44] we may write

Zy(R) = Z3(Ro)(Ro/RY + Z5s(Ro)(Ro/R)" (4)

where Zzp(Ro) and Z,,(R,) are the contributions to Z,(R,,) due to the electrostatic field
of the Jigand ‘point’ charge and to the short-range metal-ligand interaction respectively,
Ry =0.234 nm being chosen for the pair Gd**~0?". It should be noted that A, (R)/
Ap(Rg) # by(Ro)/b(Ry) [43].

Combining equations (3) and (4). we have

Z8= Z K3(1)Z 5 (Ry) ' (5)
where

Ro\’s
=SK10.00(F)  g=ps  w=30. ©

3.2. Probability model

Equations (3)-(5) may be considered as a particular example of the more general class
of hypothetical expressions for AY, bY and PJ:

28= 2 ZK, ')

g=12

where K are functions of nuclear coordinates of the crystal in adiabatic approximation,
and arrows and columns of the (3 X 2) matrix of the numerical coefficients Z, are non-
proportional to each other. Hereafter the symbol Z without a subscript 2 and superscript
0 may take the values P, b and A, indicating the connection to the types of parameter
ZY. Now we shall show that, if any expression of the type (7) holds true for two different
types of parameter Z5° and Z}°, then, irrespective of what kind this expression is, the
same way of describing the correlation may be developed; we shall be referring further
to this as a probability model of the correlation.

Suppose that we have a finite set S of more than two centres of *’Gd’* in crystals
and corresponding sets of pairs of values {(Z}", Z5")} and {K} = {(K,., K1)} where all
valuesof Z{2, Z{® and all elements (K |, K;) are different, We shall seek conditions under
which the elements of {(Z1°, Z1°)} may be arranged according to the monotonic change
in values of both types of parameter.

Let us consider the ¢lements of { K} as the points on the plane K,OK, (figure 1). The
relation between the values Z39 (Z3° or Z7°) at the points K' and K’ depends exclusively
on the angle of the vector K¥ = K'K’ with the straight line 1; determined in the plane
K 0K, by the equation K, = C;K,, where C; = — Z,/Z,. This becomes obvious if one
bears in mind that the surface M determined by equation (7) in a three-dimensional
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K41

Figure 1. Example of the relative position of the vec-
tor KV and the planes M. and M-, in the case when
ZIMKY < ZP(KIy and ZYNKD) > ZP(KT).

space K K, ZY is a plane which intersects the plane K;OK; along the line 1. To charac-
terize the K¥ direction we introduce an angle

/2 Ki— K| =0.

We shall regard the values &7 for all possible vectors by which the points from {K} may
be joined as a set {&}. Given that Z, values are fixed, a definite relation between
ZP(K') and Z5°(K') follows from the relation between Z;"(K') and Z5*(K’) and vice
versa. If the elements of {{Z5°, Z%®)} are arranged according to the monotonic change
in Zy°, then the relationship between neighbouring values of Z%° in this series will
depend on the values &7 for the vectors K¥ corresponding to the neighbouring terms of
the series. Thus the validity of the following statement becomes clear. In order that the
elements of {(Z5, Z5")} may be arranged according to the monotonic change in the
values of both types of parameter, it is necessary and sufficient that all elements of {&}
must be contained either in an interval A &, >» = (t, B) or in the union of two intervals
AyEzp = (B, 7/2}U(— /2, T) (the first of them being half-open) where

7 = tan"!(min{Cz, Cz}) B =tan"{max{C,, Cz}. (9)

It follows from the statement above that, if the elements of {&} are distributed evenly
along the interval (—z/2, 7r/2], then the greatest fraction pz z of the centres from S for
which the pairs (Z4°, Z%°) may be arranged according to the monotonic change in the
values of both types of parameter is equal to (x — 8&,7.)/x, where 85 7+ = min{f — 7,
7 + v — B}and increases from 0.5 to 1 with & 7 decreasing from the maximum /2 to
the minimum 0 value. The phenomenological values p%™ = %, pH¥" =% and
PP = 2 may be easily obtained for the set of collections in table 1.

Thus, we may obtain a description of the correlation and the small deviations from
monotonicity in table 1 as a corollary of the assumption that the values 655, for any
pair of the parameters P, b9 and A§ are small enough and the values {£} for the centres
of table 1 are distributed sufficiently evenly along the interval (—a/2, n/2], few values
from {£} being outside the limits of A&7 ;- or A &7 - where the greater part of the values

(8)
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{E}is contained. It is to be noted that in this model of the correlation there is a significant
approximation where the centres S should be looked upon as a set, and not separately,
and this approximation consists in modelling a probability density function for the
number of angles £/ per length unit along the interval (—z/2, 7/2]. In other approxi-
mations the parameters Z and Z, are treated by themselves (for a separate centre).
Therefore, the probability model, on the whole, does not coincide with any model of
the crystal fields.

3.3. Extended probability mode! for AS and b4

Identifying K, with K3(¢,) and Z, with Ay, (Ry) as well as by,(Ry) for the pair Gd**-0?
[43], we obtam dE,, =0.03x and the theoretical value p'lhgor = (0,97, Since pU45°" is even
greater than pR", we may consider that the probability model of the correlation
extended with the particular model for the crystal fields 43093 and b30Y furnishes not
only a description of the relationship between the incomplete collections {53, A%} in
table 1 but a certain explanation as well. Some quantitative discordance between p'5°
and pBF" may be caused both by the errors in the magnitudes involved in the con-
sideration and by the approximations used and, in particular, by the supposition that
the values {£} for the collections in tfable 1 are distributed evenly along the interval
(—=/2, n/2).

Another possible extension to the probability model will be discussed in section 3.

4. Nuclear quadrupole interaction

4.1. Extended probability model for P}

We belicve that at present there is not a sufficient measure of certainty in the con-
tributions of various mechanisms tothe nuclear quadrupole interaction (in particular, for
197Gd™ in oxide crystals). Therefore, suggesting a particular extension to the probability
model for PY, we shall not calculate the values of p%£* and compare them with p8i",
On the contrary, we shall be looking for some characteristics of the nuclear quadrupole
interaction, using the datain table 1, and shall compare these with the results determined
earlier.

Considering that the P§-, b- and AY-dependences are similar, we extend equations
(3)-(5) to the parameters PJ. To determine the phenomenological values of Py (Ry),
first we substituted the experimental values of b3 and AY in equation (5) for alt complete
collections {ZY} from table 1, then considered these expressions as a system of equations
in kK ”(tg) and, upon solving it, thereby found phenomenological structure factors. Then,
varying Py, (Ry), we sought a minimum of the sum of differences between the exper-
nmental parameters P§ and those obtained with the help of the phenomenologwal factors

KS(z,) and Pzg(Ro) However, we did not obtain any sharp minimum because some of
the experimental values Z9 are not as accurate as we had hoped. Therefore, another
method is considered below 10 estimate Pzg(Ro)

If the collection {Z§} for YPO4 with an unknown sngn of P{isignored, it is seen that
in the columns for P§ and A} in table 1 the change in s1gn occurs for the same centres
(differing from those for which the change in sign occurs in the column for bY). In this
connection, we may accept Cp = C, and the columns for P§ and A are approximately
proportional. Then, consequently, the ratio P1/A% may be representedas k = ngg(Rg) /
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Azp(Ru) Writing Pzp(Ru) in accordance with the Sternheimer parametrization of the
nuclear quadrupole interaction {47] and AZp(‘RU) as in [43], we obtain

k== — y2)0Q/r )y (10)

where v, is the Sternheimer antiscreening coefficient. The Steinheimer screening factor
1 — o0, [47] does not appear in equation (10) because the present consideration and
equation (4),in particular, are based on the exchange model of the crystal-field screening
[44] as has been mentioned above. Phenomenological values of £ may be used to obtain
v. and then Pzg(Ro) We shall determine these values kP™" as ratios of the experimental
vatues of PJ and AY for the centres in table 1. We omit the most inaccurate data related
to the centre in Y2T1207. For centres in Y,0; and scheelite crystals, £P*" varies from
~7.5 x 107 to —9.6 x 1079, the relative error ¢, in the mean value being of the order
of 10%. The value kP'*® = —28 x 107 for the centre in YVO, by far exceeds the bounds
of this interval. We shall not be taking this value into account, supposing that its
substantial difference from the other values k""" is generated by a strong compensation
between the contributions Zzg(RU)Kq(tg) in Z3 when the approximation C, = C, may
give rise to a considerable error in kP while using the above- descrlbed method of
determination.

The most precise value of A9 is available for the centre in CaWQ,. This value of
AY has been determined for the Th** ion which is neighbouring to Gd** in the lanthanide
series. Differences between the values of A for a number of RE> in CaWQ, are not
more than 10% (compare for example with A] for RE** in other crystals with scheelite
and zircon structures) [14]. Various methods of obtaining 49 for Tb** in CaWOQ, (the
result for one of these being used in table 1) give a disagreement of not more than 5%
[20]. Sothe error £, in AY and kP'e"is of the order of 109% for ''Gd** in CaWQ,, because
the error in PJ is only 0.1% (see table 1).

We consider that the value £, is less reliable than £, since the errorsin A or P for
cenires other than RE** in CaWQO, involved in calculation of £, are probably greater
than £,. Therefore, we shall be using only £#"" for '¥’Gd** in CaWQ,. Substituting this
kPt in equation (10), we have y.. = —147 and hence Py, (Ry) = —182 X 10~ cm ™! (using
[47]) and Py(Ro) = CaPyy(Ry) = 75.1 X 10™*cm™, the error being 10% presumably.
This value of v, is substantially different from the theoretical value of —61 for Gd** (and
—64 for Pr**) calculated with the help of the Sternheimer approach [48], but it is in
agreement with another theoretical value for Pr**, y. = —172, calculated by Ahmad
and Newman [49] taking the interelectronic correlation into account in addition to
the interactions considered by Sternheimer originally. We believe that the difference
between the y,-value from [49] and that from our work is less than the sum of the errors
in both of these values and the difference between the y..-values for Gd** and Pr**.

It is noteworthy that the value of P (R,) obtained here agrees within an order of
magnitude with the contributions to the nuclear quadrupole interaction due to the effects
of overlap and exchange calculated for Pr** in a CI™ environment [50, 51].

4.2. On the violation of the correlation

Now, we can calculate the values of P} for YPO, and the first three crystals in table 2
with the help of the phenomenological values of Pzg(R[]) and K3 (‘s) These PJ are equal
to —16.2x 107*em™!, —-15.8x 107*em™!, —-7.3x 10~*cm™* and 2.8 x 10™*em™,
respectively. If an error of 10% is allowed in Pzg(RQ) the corresponding intervals for
these calculated values of PY include the experimental values provided that the negative
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sign of PJ for YPO, and Y(OH); is chosen. Thus the negative sign of P for YPO, may
be considered to be true, in line with the supposition that Cp = C, for oxide crystals. As
to the non-correspondence of the first three collections from table 2 to the correlation
in table 1, the present examination cannot yet answer the question of whether this
violation is influenced by some particular values of Kg(;g), the extended probability
model being valid for these centres, or whether this violation is caused by invalidity of
the model for these types of chemical compound.

5. Phenomenological and calculated structure factors

The phenomenological factors obtained here differ from those that we have tried to
calculate by substitution of the ligand coordinates into equation (6). This difference may
be due to the uncertainty of the atomic coordinates of the pure crystal, distortion of
structure caused by impurity or to errors in Z(R,). However, this difference may
also be influenced by ‘absorbing’ contributions from the interactions between ligands
and between Gd** and the rest of the crystal into K3(¢, ). Suppose there are, forexample,

contributions to 29 from the electrostatic field caused by charges other than the ligand
‘point’ charges and ‘external’ with reference to Gd**. In our model these contributions
may be collected together with Z 2 (Ro)K3(3) and given the form Z 2(RO)KI(3) (i.e. the
form corresponding to the type (7)) where K“(B) is the same magnitude for all types of
Z9. As aresult of such a transformation of K3(3) into K2(3) for any set of Gd** centres,
the intervals 6£» do not change and, therefore, the conditions of the correlation
remain unchanged.

6. Collections {Z%} for fuoride and chioride crystals

6.1. Correlation between collections {Z§} for fluoride crystals

The number of sets of known collections {Z3} for ¥7Gd** in the crystals which have only
F~ anions (table 3) is not as large as in the case of the oxide crystals but these coliections
obey the same correlation as the collections in table 1. We accept the extended prob-
ability model for the fluoride crystals. Using Z,,(Ry) for the pair Gd**-F~ from [43], we
obtain 8&,, = 0.03;x, So an explanation of the correlation between the incomplete
collections {63, A2} may be furnished in the same way as in the case of the oxide crystals
taking the small value of 6£,, into account.

6.2. Model parameters for fluoride crystals

In table 3, the collections {Z}} for the tetragonal centres in CaF, and SrF, are most
reliable and accurate. So, to obtain values of P,,(Ry) for the pair S7Gd**-F~ and to
determine . with the help of yet another type of independent experimental datum,
we find phenomeno]ogica] factors for these centres, substitute these factors and the
experimental values of P in (5) and consider the two resultant expressions as a system
of equations in P (Ro) where Ry =0.237nm is chosen [43]. As a result we have

P3(Rg) = —89.6 X 10“ cm™!, Po(Rg) = 45.5 x 10~*cm™! and hence y,, = — 150 (using
[47]). These values may be in error defined by the errors in Z§ (for CaF, and SrF,),
bye(Rq) and Azg(Rg) 1t is rather difficult to estimate the errors in the latter two values
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because they were determined using substantial model approximations and the restricted
collection of experimental data. We believe that the value of A{Ry) has the maximum
error. In determining this A,.(Ry) the crystal-field data were extrapolated from Dy* to
Gd** [43]. With such a procedure, the error in A,(R;) and, consequently, in y, pre-
sumably is not less than 10% as may be concluded from the discussion of AY for Tb** in
CaWO, in section 4.1. The errors in P} and AY are substantially smaller according to
table 3 and [42, 52]. Thus the values of y.. obtained here agree well and this argues
strongly for the model proposed. However, the value of y.. determined as a result of the
consideration of the centres in fluorites is not more precise than that determined for the
cenire in CaWO,.

6.3. Trigonal centre in SrF,

Let us compare the parameters Z9(trig) of the trigonal centre in SrF, with the parameters

Z{(tetr) of the tetragonal centre in the same crystal (table 3). There are substantial
differences between the Z9(trig)/Z3(tetr) ratios for different types of these parameters.
To examine this in terms of our model, we calculate PY{trig) = (—10 = 3)
x 107* em ™' with the help of the phenomenological factors and PZg(RO) Here the error
caused by the 10% errors in Py,(R,) is indicated. The calculated value of P§(trig) is in
good agreement with the experimental value. Thus the substantial differences between
the Z3(trig)/Z3(tetr) ratios do not contradict the possible applicability of our model to
these centres.

6.4. Chloride crystal

We know of only one example of the collection Z% in a crystal with C1~ anions (table 2).

Using equation (5), b (RO) and Azg(Rg) from [43]. and y. = —147, we calculate
Py(Rg) = —48.3 x 10"4 cm™! and P, (R,) = 34.0 x 10~*cm™! for the palr G -Cl-
at Ry = 0.289 nm.

7. Conclusions

As the intervals between the minimum and maximum values of the parameters Z9 from
the collections obeying the correlation are quite considerable for each type of the
parameter Z9, we suppose that the correlation revealed is a rather general characteristic
of the collectlons {Z3} and its explanation may be regarded as an important criterion of
validity for microtheory crystal-field models.

The extended probability model developed in this work explains the correlation and
predicts that there may exist collections {Z3} not obeying the correlation but pertaining
to centres with the same fundamental mechanisms of the crystal fields as is the case with
centres which give the collections {Z4} obeying the correlation.
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